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Abstract. In this paper we establish some new L2−L2 Carleman estimates for the Baouendi-
Grushin operators Bγ , in (1.1) below. We apply such estimates to obtain: (i) an extension of the
Bourgain-Kenig quantitative unique continuation; (ii) the strong unique continuation property
for some degenerate sublinear equations.
1. Introduction
This paper is devoted to studying some ad hoc L2−L2 Carleman estimates with two weights
for the Baouendi-Grushin operators
(1.1) Bγu = ∆zu+ |z|
2γ∆tu, γ > 0.
We also present applications of such estimates to quantitative uniqueness and strong unique
continuation. In (1.1) we have indicated with z ∈ Rm, t ∈ Rk, the respective variables for
the Laplacians, and with N = m + k we will henceforth write (z, t) ∈ RN . The operator Bγ
is degenerate elliptic along the k-dimensional subspace M = {0} × Rk ⊂ RN , and it is not
translation invariant in RN . However, it is invariant with respect to translations along M . We
recall that a more general class of operators modelled on Bγ was first introduced by Baouendi,
who studied the Dirichlet problem in weighted Sobolev spaces in [12]. Subsequently, Grushin
in [35], [36] analised the hypoellipticity of the operator Bγ when γ ∈ N, and showed that this
property is drastically affected by addition of lower order terms. Pioneering work on a class
of subelliptic operators modelled on Bγ was done by Franchi and Lanconelli in [22, 23, 24].
Remarkably, the operator Bγ also played an important role in the recent work [42] on the
higher regularity of the free boundary in the classical Signorini problem. For the connection
between Bγ and thin obstacle free boundary problems see also [15] and the more recent work
[30].
First author is supported by SERB Matrix grant MTR/2018/000267.
Second author is supported in part by a Progetto SID (Investimento Strategico di Dipartimento) “Non-local
operators in geometry and in free boundary problems, and their connection with the applied sciences”, University
of Padova, 2017.
Third author is supported by SERB National Postdoctoral fellowship, PDF/2017/0027.
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When γ = 0, then we can think of (1.1) as a standard Laplacian. With this observation
in mind, the main results in this paper should be viewed as ad hoc subelliptic generalisations
of a basic Carleman estimate obtained by Escauriaza and Vessella in Theorem 2 of their work
[21]. For the sake of accuracy we mention that, in fact, their result encompasses more general
variable coefficient uniformly elliptic equations and even parabolic ones. The elliptic Carleman
estimate in [21] also played a key role in the seminal work [13] of Bourgain and Kenig on the
localization of the Anderson-Bernoulli model (see their Lemma 3.15). These authors obtained
for the standard Laplacian a threshold quantitative unique continuation result. For quantitative
propagation of smallness we refer the reader to the work [44].
In this paper we generalise the quantitative estimate of Bourgain and Kenig to equations of
the form
(1.2) −Bγu = V (z, t)u,
where Bγ is as in (1.1). In a third direction, we study sublinear equations of the type
(1.3) −Bγu = V (z, t)u + f((z, t), u),
with appropriate assumptions on f , see the discussion below.
To provide the reader with some perspective we mention that when γ = 1 the operator Bγ is
intimately connected to the sub-Laplacians in groups of Heisenberg type. In such Lie groups, in
fact, in the exponential coordinates with respect to a fixed orthonormal basis of the Lie algebra,
the sub-Laplacian is given by
(1.4) ∆H = ∆z +
|z|2
4
∆t +
k∑
ℓ=1
∂tℓ
∑
i<j
bℓij(zi∂zj − zj∂zi),
where bℓij indicate the group constants, see e.g. [26]. If u is a solution of ∆H that further anni-
hilates the symplectic vector field
∑k
ℓ=1 ∂tℓ
∑
i<j b
ℓ
ij(zi∂zj − zj∂zi), then, up to a normalisation
factor of 4, u solves the operator Bγ obtained by letting γ = 1 in (1.1) above. We mention, in
this connection, the remarkable fact that even the weak unique continuation property fails for
−∆H + V , see [5]. For some positive results in the Heisenberg group, and in general Carnot
groups, see however [27] and [31].
Concerning the question of interest for this paper, the unique continuation property, we
mention that for general uniformly elliptic equations there are essentially two known methods
for proving it. The former is based on Carleman inequalities, which are appropriate weighted
versions of Sobolev-Poincare´ inequalities. This method was first introduced by T. Carleman
in his fundamental work [16] in which he showed that strong unique continuation holds for
equations of the type −∆u + V u = 0, with V ∈ L∞loc(R
2). Subsequently, his estimates were
generalised (and extended) to higher dimensions in [47, 38, 37, 18], and to uniformly elliptic
operators with C2,αloc principal part in the pioneering work [3]. The results in [3] were further
extended to C0,1loc coefficients in [4]. We recall that unique continuation fails in general when the
coefficients of the principal part are only Ho¨lder continuous, see Plis’ famous counterexample
in [49] for non-divergence equations, and also [46] for equations in divergence form. The second
approach came up in the works of Lin and the second named author, see [28], [29]. Their
method is based on the almost monotonicity of a generalisation of the frequency function, first
introduced by Almgren in [2] for harmonic functions. Using this approach, they were able to
obtain new quantitative information for the solutions to divergence form elliptic equations with
Lipschitz coefficients which in particular encompass and improve on those in [4].
The unique continuation property for the degenerate operators Bγ is much subtler than the
one for the Laplacian. The reason for this is that the operator Bγ does not preserve “radial”
functions, see (2.11) below. As a consequence, when inverting the operator −Bγ + V one is
confronted with Carleman estimates in which terms with both positive and negative powers of
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the singular “angle function” ψ in (2.9) appear, and this complicates matters considerably. As
the reader will see, the proofs of our main results Theorems 1.1, 1.3 and 1.4 exploit several
non-trivial geometric facts that beautifully combine.
We mention that when V ≡ 0 in (1.2) the strong unique continuation was first established by
the second named author in [25]. In that work he introduced a Almgren type frequency function
associated with Bγ , and proved that such function is monotone non-decreasing on solutions of
Bγ = 0. More in general, in [25, Theorem 4.2] an almost monotonicity result was proved for
equations such as Bγu =< b(z, t),∇u > +V (z, t)u, with possibly singular lower-order terms
satisfying the following threshold conditions in a neighbourhood of the origin
(1.5) |V (z, t)| ≤ C
f(ρ)
ρ2
ψ, | < b(z, t),∇u > | ≤ C|Xu|
f(ρ)
ρ
ψ1/2,
where for the notation Xu, ρ and ψ we respectively refer the reader to (2.3), (2.7) and (2.9)
below. In (1.5), f : (0, R0)→ (0,∞) is a non-decreasing function satisfying the Dini integrability
assumption
∫ R0
0
f(t)
t dt <∞. This includes as a special case the example f(t) = t
δ, δ > 0. These
results were extended to more general variable coefficient equations by Vassilev and the second
named author in [33]. One should also see the related works [27] and [31] on the Heisenberg
and more general Carnot groups. We also note that a version of the monotonicity formula for
Bγ played an extensive role in the recent work [14] on the obstacle problem for the fractional
Laplacian.
Using some ad hoc Carleman estimates with two weights, in [32] the authors were able to
establish for the first time some strong unique continuation results for (1.2) in the difficult
situation when V satisfies appropriate Lp integrability hypothesis. Their analysis, which is
closer in spirit to the works [41], [40], [17], [43] to name a few, only covers the special case when
γ = k = 1 in (1.1), and ultimately rests on delicate boundedness properties of certain projector
operators generalising some of the results in [54]. We also refer to the recent work [9] where,
using such projector operator estimates, a new L2 − L2 Carleman estimate is derived. Using
the latter, the authors deduce strong unique continuation when the potential V satisfies Hardy
type growth assumptions. It is worth mentioning at this point that the general situation of the
results in [32] presently remains a challenging open question, even in the simplest case when
V ∈ L∞loc(R
N )!
After this preliminary discussion we turn to the results in the present paper. Our first con-
tribution is the following new L2 − L2 type Carleman estimate for Bγ with singular weights.
Such result, Theorem 1.1, should be viewed as one of the key steps in the proofs of the two
subsequent main Carleman estimates in this paper, Theorems 1.2 and 5.1. We have decided to
present it separately in order to provide the reader with some of the main ideas in a simpli-
fied, yet significant, situation. The expert reader will recognise that the estimate (1.8) below
generalises (and in fact encompasses) the following classical one for the standard Laplacian, see
[16, 47, 38, 37, 18, 3, 4, 39]: there exists C = C(n) > 0 such that for every α > 0 sufficiently
large, and u ∈ C∞0 (R
n \ {0}), with suppu ⊂ {|x| < R}, one has∫
|x|−2α(u2 + |∇u|2)dx ≤ CR2
∫
|x|−2α(∆u)2dx.(1.6)
It is well known that (1.6) implies the strong unique continuation property for perturbations of
the Laplacian, with lower order terms satisfying appropriate bounds. In our setting, adapting
the arguments for the case of elliptic operators in [4], one can deduce starting from Theorem 1.1
the strong unique continuation for solutions of the differential inequality
(1.7) |Bγu| ≤ C1
ψ
ρ2−δ
|u|+ C2
ψ1/2
ρ1−δ
|Xu|,
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for some δ > 0, and C1, C2 ≥ 0, although, as we have mentioned in the discussion of the above
hypothesis (1.5), this result is already contained in [25, Theorems 4.2, 4.3 & Corollary 4.3]. We
also recall that for the standard Laplacian it is known from the works [1, 55, 50, 34, 48] that it
is possible to allow δ = 0 in (1.7), provided that C2 is sufficiently small. We presently do not
know whether this extends to the setting of the present work.
While for the relevant notation we refer the reader to Section 2, one should note the ap-
pearance of the different weights ψ and ψ−1 in the two sides of (1.8) below. In this inequality,
and henceforth, we omit indicating the Lebesgue measure dzdt in the relevant integrals. Also,
the number Q will always indicate the homogeneous dimension (2.6) associated with the non-
isotropic dilations (2.4).
Theorem 1.1. For every ε > 0, there exists C = C(m,k, ε) > 0 such that for every α >
max{0, (Q − 4)/2}, R > 0, and u ∈ S2,20 (BR \ {0}) with suppu ⊂ BR \ {0}, one has
α2
∫
BR
ρ−2α−4+εu2ψ +
∫
BR
ρ−2α−2+ε|Xu|2 ≤ CRε
∫
BR
ρ−2α(Bγu)2ψ−1.(1.8)
The Carleman estimate (1.8) is new for the general Baouendi-Grushin operators (1.1). Only
when γ = 1 and k = 1 the estimate follows from that in Theorem 3.2 in [9] which also holds
for ε = 0. However, as we have mentioned above, the proof in [9] relies on delicate L2 − L2
projection estimates previously established in [32], whereas (1.8) will be derived from fairly
elementary considerations exploiting some remarkable geometric properties of the operator first
noted in [25], see also [33] and [31]. We mention that the reason for which we cannot take ε = 0
in (1.8) is the failure for ℓ = Q of the Hardy inequality (2.13) in Lemma 2.3.
A second question we study is that of quantitative uniqueness for stationary Schro¨dinger
equations of the type (1.2), where the potential V satisfies a boundedness assumption as in
(1.10) below. In order to provide some context to this aspect, we recall that in their seminal
work [13] Bourgain and Kenig showed that non-trivial solutions to ∆u = V u have vanishing
order proportional to ||V ||
2/3
L∞ + 1. This is sharp in view of Meshov’s counterexample in [45].
In Theorem 1.3 below we extend this result to the operator (1.2). The key ingredient is the
following refined Carleman estimate, which generalises that in [21] and [13].
Theorem 1.2. Let 0 < ε < 1 be fixed. There exists a universal R0 > 0, depending on ε, such
that for R ≤ R0, u ∈ S
2,2
0 (BR \BaR), and V satisfying (1.10), one has
α3
∫
ρ−2α−4+εu2e2αρ
ε
ψ + α2
∫
ρ−2α−4u2e2αρ
ε
ψ ≤ C
∫
ρ−2αe2αρ
ε
(Bγu+ V u)
2ψ−1,(1.9)
for constants C,C1 > 0 depending on m,k, a, ε, and for all α >
Q−4
2 , such that also α ≥
C1(K
2/3 + 1).
Using the estimate in Theorem 1.2 above, we obtain the following subelliptic quantitative
uniqueness result.
Theorem 1.3. Let u ∈ S2,2(BR) with |u| ≤ K0 for some K0 > 0 be a solution to (1.2) in BR,
with V satisfying the bound
(1.10) |V (z, t)| ≤ Kψ.
Then, there exists R0 ∈ (0, R/2] depending on m,k, γ, and constants C1, C2 > 0 depending on
m,k, γ,K0 and
∫
BR0
4
u2ψ, such that for all 0 < r < R09 one has
(1.11) ||u||L∞(Br) ≥ C1
(
r
R0
)C2(K2/3+1)
.
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It is worth emphasizing that, when k = 0, we have N = m and then from (2.9) we have ψ ≡ 1.
In this case the constant K in (1.10) can be taken to be ||V ||L∞ , and therefore Theorem 1.3
reduces to the cited Euclidean result in [13]. We also note that when V satisfies the additional
hypothesis
|ZV | ≤ Kψ,
then, using a variant of the frequency function approach, the following sharper estimate was
established in [11] for solutions to (1.2),
(1.12) ||u||L∞(Br) ≥ C1
(
r
R0
)C2(√K+1)
.
The reader should note that for Laplacian on a compact manifold the counterpart of (1.12)
was first obtained using Carleman estimates by Bakri in [6]. This generalised the sharp vanishing
order estimate of Donnelly and Fefferman in [19] for eigenfunctions of the Laplacian. We also
mention that, for the standard Laplacian, the result of Bakri was subsequently obtained by Zhu
[56], using a variant of the frequency function approach in [28, 29]. This was extended in [10]
to more general elliptic equations with Lipschitz principal part. The authors also established a
certain boundary version of the vanishing order estimate. Finally, we refer to the paper [52] for
an interesting generalisation to nonlocal equations of the quantitative uniqueness result in [6],
and also to [8] for a generalisation to Carnot groups of arbitrary step.
As a final application of the Carleman estimates, in this paper we present a generalisation to
the subelliptic operator Bγ of the strong unique continuation results in [53] and [51] for sublinear
equations. Precisely, we consider equations of the type
(1.13) −Bγu = f((z, t), u)ψ + V u,
where V satisfies the growth condition (1.10), and the nonlinearity f and its primitive, F ((z, t), s) =∫ s
0 f((z, t)s)ds, satisfy the following structural assumptions:
(1.14)


f((z, t), 0) = 0,
0 < sf((z, t), s) ≤ qF ((z, t), s), for some q ∈ (1, 2) and s ∈ (−1, 1) \ {0},
|∇(z,t)f | ≤ K|f |, |∇(z,t)F | ≤ KF,
f((z, t), s) ≤ κsp−1 for some p ∈ (1, 2).
We note that the first and the last condition in (1.14) imply that for constants c0, c1, we have
(1.15) c1s
p ≥ F (·, s) ≥ c0s
q, for s ∈ (−1, 1).
A prototypical f satisfying (1.14) is f((z, t), u) =
∑ℓ
i=1 ci(z, t)|u|
qi−2u, where for some constants
k0, k1 and K, one has for each i = 1, ..., ℓ: qi ∈ (1, 2), 0 < k0 < ci < k1, and |∇ci| < K. In this
case, we can take q = max{qi} and p = min{qi}. With f satisfying the hypothesis (1.14), the
unique continuation property for uniformly elliptic sublinear equations of the type
− div(A(x)∇u) = f(x, u)
was recently studied in the interesting papers [53] and [51]. More precisely, the weak unique
continuation for such sublinear equations was first obtained in [53] using the frequency function
approach. Subsequently, Ru¨land in [51] established the strong unique continuation property for
such equations using Carleman estimates. We note that the sign assumption on f, F in (1.14)
is not restrictive because the strong unique continuation property fails when f = −|u|q−2u and
A = I (for a counterexample in the one-dimensional situation, see e.g. [53]). The next theorem
extends Ru¨land’s result to degenerate elliptic equations of the type (1.13). We also note that,
when specialised to the case of the standard Laplacian, our proof slightly simplifies that in [51].
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Theorem 1.4. Assume that V be as in (1.10), and that f satisfy (1.14). Let u ∈ S2,2(B1) be a
solution to (1.13) in B1 such that ||u||L∞(B1) ≤ 1. If u vanishes to infinite order at (0, 0) in the
sense of Definition 2.5, then u ≡ 0.
In closing, we briefly describe the organisation of the paper. In Section 2, we introduce the
relevant notions and gather some results from [25] which will be needed in the rest of the paper.
In Section 3 we prove Theorem 1.1. Section 4 is devoted to the proof of Theorems 1.2 and 1.3.
The final Section 5 contains the proof of Theorem 1.4.
2. Notations and preliminary results
Henceforth in this paper we follow the notations adopted in [25] and [33], with one notable
proviso: the parameter γ > 0 in (2.1), etc. in this paper plays the role of α > 0 in [25] and [33].
The reason for this is that we have reserved the greek letter α for the powers of the singular
weights in our Carleman estimates. Throughout the paper, whenever convenient, we will use
the summation convention over repeated indices. Let N = m+k, and denote an arbitrary point
in RN as (z, t) ∈ Rm × Rk. If we consider the vector fields X1, ...,XN in R
N defined by
Xi = ∂zi , i = 1, ...m, Xm+j = |z|
γ∂tj , j = 1, ...k,(2.1)
then it is immediate to recognise that
(2.2) Bγu =
N∑
i=1
X2i u.
Given a function u, we respectively denote by
(2.3) Xu = (X1u, ...,XNu), |Xu|
2 =< Xu,Xu >=
N∑
i=1
(Xiu)
2,
the intrinsic (degenerate) gradient of a function u, and the square of its length. We now define
the relevant function space for our work. The reader should bear in mind that, henceforth, we
routinely omit indicating in all integrals the Lebesgue measure dzdt in RN .
Definition 2.1. Given an open set Ω ⊂ RN , we denote by S2,2(Ω) the completion of C∞(Ω)
with respect to the norm
||f ||S2,2(Ω) =
∫
Ω
f2 + |Xf |2 +
N∑
i,j=1
|XiXjf |
2.
We instead indicate with S2,20 (Ω) the completion of C
∞
0 (Ω) with respect to the same norm.
We note that the vector fields Xi are homogeneous of degree one with respect to the following
family of anisotropic dilations
(2.4) δλ(z, t) = (λz, λ
γ+1t), λ > 0.
Consequently, Bγ is homogeneous of degree two with respect to (2.4). The infinitesimal gener-
ator of the family of dilations (2.4) is given by the vector field
(2.5) Z =
m∑
i=1
zi∂zi + (γ + 1)
k∑
j=1
tj∂tj .
A function v is δλ-homogeneous of degree κ if and only if Zv = κv. We note that Lebesgue mea-
sure scales with respect to the anisotropic dilations (2.4) according to the formula d(δλ(z, t)) =
λQdzdt, where
(2.6) Q = m+ (γ + 1)k.
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Consequently, the number Q plays the role of a dimension in the analysis of the operator Bγ
(since m,k ≥ 1 and γ > 0, we note that Q > 2). For instance, one has the remarkable fact,
discovered in [25], that the fundamental solution Γ of Bγ with pole at the origin is given by the
formula
Γ(z, t) =
C
ρ(z, t)Q−2
, (z, t) 6= (0, 0),
where C > 0 is suitably chosen, and ρ is the pseudo-gauge
(2.7) ρ(z, t) = (|z|2(γ+1) + (γ + 1)2|t|2)
1
2(γ+1) .
We respectively denote by
Br = {(z, t) ∈ R
N | ρ(z, t) < r}, Sr = {(z, t) ∈ R
N | ρ(z, t) = r},
the gauge pseudo-ball and sphere centred at 0 with radius r. Since ρ in (2.7) is homogeneous of
degree one, we have
(2.8) Zρ = ρ.
We also need the angle function ψ introduced in [25]
(2.9) ψ = |Xρ|2 =
|z|2γ
ρ2γ
.
The function ψ vanishes on the characteristic manifold M = Rn × {0}, and clearly satisfies
0 ≤ ψ ≤ 1. Since ψ is homogeneous of degree zero with respect to (2.4), one has
(2.10) Zψ = 0.
If f ∈ C2(R) and v ∈ C2(RN ), then we have the important identities (see [25]):
(2.11) Bγf(ρ) = ψ
(
f ′′(ρ) +
Q− 1
ρ
f ′(ρ)
)
,
and
(2.12) < Xv,Xρ >=
N∑
i=1
XivXiρ =
Zv
ρ
ψ.
Henceforth, for any two vector fields U and W , [U,W ] = UW −WU denotes their commutator.
In the next proposition we collect some important identities from [25].
Proposition 2.2. The following identities hold.
(i) divZ = Q;
(ii) [Xi, Z]u = Xiu i = 1, ..., N ;
(iii) div(ρ−ℓZ) = (Q− ℓ)ρ−ℓ;
(iv) div(ρ−Q log ρ Z) = ρ−Q;
(iv) divXi = 0.
We now state the relevant Hardy type inequality which is crucially needed in the proof of our
Carleman estimates. It follows from the proof of Corollary 4.1 in [25].
Lemma 2.3. Let u ∈ C∞0 (R
N \ {0}). For every ℓ ∈ R, with ℓ 6= Q, one has∫
u2
ρℓ
ψ ≤
(
4
ℓ−Q
)2 ∫ (Zu)2
ρℓ
ψ.(2.13)
If instead ℓ = Q we obtain
(2.14)
∫
u2
ρQ
ψ ≤ 4
∫
(log ρ)2
ρQ
(Zu)2ψ.
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Proof. Using (iii) in Proposition 2.2 and the divergence theorem, we obtain∫
u2ρ−ℓψ =
1
Q− ℓ
∫
div(ρ−ℓZ)ψu2
=
1
Q− ℓ
∫
div(ψu2ρ−ℓZ)−
1
Q− ℓ
∫
ρ−ℓZ(ψu2)
= −
2
Q− ℓ
∫
uZuψρ−ℓ −
1
Q− ℓ
∫
u2Zψρ−ℓ
≤
2
Q− ℓ
(∫
u2ρ−ℓψ
)1/2(∫
(Zu)2ψρ−ℓ
)1/2
,
where we have used (2.10). The numerical inequality 2ab ≤ εa2 + ε−1b2, with the choice ε =
(Q− ℓ)/2, easily implies the desired conclusion (2.13) when ℓ 6= Q. If ℓ = Q, we use instead (iv)
in Proposition 2.2 and we argue similarly to the previous case in order to obtain (2.14).

We note that the inequality (2.13) in Lemma 2.3 fails for ℓ = Q with a constant in the right-
hand side which is independent of the function u. To see this, let ζ ∈ C∞0 (0,∞), 0 ≤ ζ ≤ 1,
ζ ≡ 0 for 0 ≤ r ≤ 1/2, ζ ≡ 1 for r ≥ 1, and consider the functions uε(z, t) = ζ(ρ(z, t)/ε),
ε ∈ (0, 1). If we insert such functions in the inequality in Lemma 2.3, observing that Zuε =
ε−1Zρζ ′(ρ/ε) = ε−1ρζ ′(ρ/ε), we see that the integral in the right-hand side is bounded above
by
C
ε2
∫
ε
2
≤ρ≤ε
ψ
ρQ−2
≤ C⋆,
where C,C⋆ > 0 are absolute constants independent of ε. On the other hand, the integral in
the left-hand side is bounded below by∫
ε≤ρ≤1
ψ
ρQ
= εQ
∫
1
ε
≥ρ≤1
ψ
ρQ
= εQ
∫ 1
ε
1
r−Q
∫
∂Br
ψ
|∇ρ|
dHN−1dr,
where in the last equality we have used Federer’s coarea formula. Now, a scaling argument, and
the fact that ψ is δλ-homogeneous of degree zero, show that∫
∂Br
ψ
|∇ρ|
dHN−1 = σrQ−1,
where σ > 0 is an absolute constant. We thus conclude that as ε→ 0+,∫
ε≤ρ≤1
ψ
ρQ
= σ log(1/ε) → +∞,
This shows that (2.13) in Lemma 2.3 cannot possibly hold when ℓ = Q. However, the following
weaker inequality is true. We will need it in the proof of our refined estimate in Theorem 1.2.
Lemma 2.4. Let u ∈ C∞0 (BR \BaR) for some 0 < a < 1. Then, the following inequality holds∫
u2
ρQ
ψ ≤
4
a
∫
(Zu)2
ρQ
ψ.
Proof. Using (2.13) with ℓ = Q+ 1, and the fact that u is supported in BR \BaR, we have∫
u2
ρQ
ψ ≤ R
∫
u2
ρQ+1
ψ ≤ 4R
∫
(Zu)2
ρQ+1
ψ ≤
4R
aR
∫
(Zu)2
ρQ
ψ =
4
a
∫
(Zu)2
ρQ
ψ,
where in the last inequality we have used the simple observation that 1ρ ≤
1
aR .

We close this section by introducing the relevant notion of vanishing to infinite order.
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Definition 2.5. We say that u vanishes to infinite order at the origin if for every ℓ > 0 one
has as r → 0, ∫
Br
|u|2ψ = O(rℓ).(2.15)
3. Proof of Theorem 1.1
In this section we prove Theorem 1.1. Our plan is to first obtain a suitable bound from below
for the right-hand side of (1.8), see (3.8), and then establish a bound from above of the left-hand
side in terms of the same quantity. First, by a limiting argument, it suffices to establish the
estimate (1.8) when u is smooth and suppu ⊂ BR \ {0}. We define v = ρ
−βu, so that u = ρβv,
with β is to be determined later (depending on α and Q). Then, we have
Bγu = vBγ(ρ
β) + 2 < Xρβ ,Xv > +Bγvρ
β.
Now, we calculate the first two terms in the right-hand side of the above equation. By (2.11)
one has
Bγ(ρ
β) =
(
β(β − 1)ρβ−2 + (Q− 1)βρβ−2
)
ψ = β(β +Q− 2)ρβ−2ψ.
Using instead (2.12) we obtain
2
N∑
i=1
Xiρ
βXiv = 2βρ
β−2ψZv.
Therefore,
Bγu = vψ
(
β(β +Q− 2)ρβ−2
)
+ 2βρβ−2ψZv + Bγvρβ.(3.1)
Using (a+ b)2 ≥ a2+2ab, with a = 2βρβ−2ψZv, and with b being the rest of the terms in (3.1),
we obtain
(Bγu)
2 ≥ 4β2ρ2β−4ψ2(Zv)2 + 4βρβ−2ψZv
(
ψ(β(β +Q− 2))ρβ−2v + Bγvρβ
)
.
We now integrate the latter inequality with respect to the measure ρ−2αψ−1dzdt on RN , keeping
in mind that, henceforth, we routinely omit indicating in all integrals the domain of integration
BR and the Lebesgue measure dzdt. We thus have∫
ρ−2α(Bγu)2ψ−1 ≥
∫
4β2ρ2β−2α−4(Zv)2ψ(3.2)
+
∫
4β2(β +Q− 2)ρ2β−2α−4vZvψ +
∫
4βρ2β−2α−2ZvBγv
= 4β2
∫
ρ2β−2α−4(Zv)2ψ + 2β2(β +Q− 2)
∫
ρ2β−2α−4Z(v2)ψ
+ 4β
∫
ρ2β−2α−2ZvBγv.
We now choose β = 2α+4−Q2 , which gives 2β − 2α − 4 = −Q. We are going to be interested
exclusively in values of β > 0, which amounts to taking α > Q−42 . With such choice we obtain∫
ρ2β−2α−4Z(v2)ψ =
∫
ρ−QZ(v2)ψ.
On the other hand, (2.10) and (iii) in Proposition 2.2, give
div(ρ−Qψv2Z) = ρ−QZ(v2)ψ.
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We thus find
(3.3)
∫
ρ2β−2α−4Z(v2)ψ = 0.
Next, we note that with our choice of β the last term in the right-hand side of (3.2) becomes
(3.4) 4β
∫
ρ2β−2α−2ZvBγv = 4β
∫
ρ−Q+2ZvBγv.
In order to estimate the integral in the right-hand side we use the following Rellich type identity
in Lemma 2.11 in [33]: ∫
∂BR
|Xv|2 < Z , ν >= 2
∫
∂BR
Xiv < Xi, ν > Z v
− 2
∫
BR
(divXi)XivZ v − 2
∫
BR
Xiv[Xi,Z ]v
+
∫
BR
divZ |Xv|2 − 2
∫
BR
Z vBγv,
where Z is any smooth vector field. Applying this identity with the choice Z = ρ−Q+2Z, noting
that since v is compactly supported in BR \ {0} the boundary terms do not appear, that from
(iv) in Proposition 2.2 we have divXi = 0, and that from (iii) we have div(ρ
−Q+2Z) = 2ρ−Q+2,
we conclude
4β
∫
ρ−Q+2ZvBγv = 2β
∫
div(ρ−Q+2Z)|Xv|2 − 4β
∫
Xiv[Xi, ρ
−Q+2Z]v(3.5)
= 4β
∫
ρ−Q+2|Xv|2 − 4β
∫
Xiv[Xi, ρ
−Q+2Z]v.
Next, by (ii) in Proposition 2.2 we have
[Xi, ρ
−Q+2Z]v = ρ−Q+2[Xi, Z]v +Xi(ρ−Q+2)Zv = ρ−Q+2Xiv + (2−Q)ρ−Q+1Xi(ρ)Zv.
Combining this observation with (2.12), we find
− 4β
∫
Xiv[Xi, ρ
−Q+2Z]v = −4β
∫
ρ−Q+2|Xv|2(3.6)
+ 4β(Q− 2)
∫
ρ−Q(Zv)2ψ.
Substituting this conclusion in (3.5), we have
(3.7) 4β
∫
ρ−Q+2ZvBγv = 4β(Q− 2)
∫
ρ−Q(Zv)2ψ ≥ 0,
where the last inequality follows from the fact that Q > 2 and β > 0. Combining (3.2), (3.3)
and (3.7), we finally obtain that
(3.8)
∫
BR
ρ−2α(Bγu)2ψ−1 ≥ 4β2
∫
BR
ρ−Q(Zv)2ψ.
On the other hand, recalling our choice 2α− 2β + 4 = Q, and applying the Hardy inequality
(2.13) in Theorem 2.3 with ℓ = Q − ε, we see that the first term in the left-hand side of (1.8)
can be controlled from above in the following way,
α2
∫
ρ−2α−4+εu2ψ = α2
∫
ρ−2α−4+ερ2βv2ψ = α2
∫
ρ−Q+εψv2
≤
16α2
ε2
∫
ρ−Q+ε(Zv)2ψ ≤
16α2
ε2
Rε
∫
BR
ρ−Q(Zv)2ψ.
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Combining this estimate with (3.8), we thus obtain
(3.9) α2
∫
ρ−2α−4+εu2ψ ≤
4α2
β2
Rε
ε2
∫
BR
ρ−2α(Bγu)2ψ−1
Finally, we show how to incorporate the integral
∫
BR
ρ−2α−2+ε|Xu|2 in the left-hand side of
(1.8) by a standard interpolation argument. We first observe that
|Xu|2 =
1
2
Bγ(u
2)− uBγu,
and therefore
(3.10)
∫
ρ−2α−2+ε|Xu|2 =
1
2
∫
ρ−2α−2+εBγ(u2)−
∫
ρ−2α−2+εuBγu.
Using (iv) in Proposition 2.2 we integrate by parts in the first term in the right-hand side,
obtaining∫
ρ−2α−2+εBγ(u2) = −
∫
< X(ρ−2α−2+ε),X(u2) >
= (2α + 2− ε)
∫
ρ−2α−3+ε < Xρ,X(u2) >= (2α + 2− ε)
∫
ρ−2α−4+εZ(u2)ψ,
where in the last equality we have used (2.12). Recalling that we have set u = ρβv, we thus find∫
ρ−2α−2+εBγ(u2) = (2α + 2− ε)
∫
ρ−2α−4+2β+εZ(v2)ψ + 2β(2α + 2− ε)
∫
ρ−2α−4+2β+εv2ψ
= 2(2α + 2− ε)
∫
ρ−Q+εvZvψ + 2β(2α + 2− ε)
∫
ρ−Q+εv2ψ
≤ 2(2α + 2− ε)
(∫
ρ−Q+2εv2ψ
)1/2 (∫
ρ−Q(Zv)2ψ
)1/2
+ 2β(2α + 2− ε)
∫
ρ−Q+εv2ψ.
Using (2.13) in Lemma 2.3 and (3.8) we can thus bound
1
2
∫
ρ−2α−2+εBγ(u2) ≤ (2α + 2− ε)(16β + 2ε)
Rε
ε
∫
ρ−Q(Zv)2ψ
≤
(2α+ 2− ε)(16β + 2ε)
4β2
Rε
ε
∫
BR
ρ−2α(Bγu)2ψ−1
Finally, we have∣∣∣∣−
∫
ρ−2α−2+εuBγu
∣∣∣∣ ≤
(∫
BR
ρ−2α(Bγu)2ψ−1
)1/2 (∫
ρ−2α−4+2εu2ψ
)1/2
.
Now, using again (2.13) in Lemma 2.3 and (3.8) we find∫
ρ−2α−4+2εu2ψ =
∫
ρ−Q+2εv2ψ ≤
R2ε
β2ε2
∫
BR
ρ−2α(Bγu)2ψ−1.
Substituting in the latter inequality, we conclude∣∣∣∣−
∫
ρ−2α−2+εuBγu
∣∣∣∣ ≤ Rεβε
∫
BR
ρ−2α(Bγu)2ψ−1.
Inserting the relevant estimates in (3.10) we finally have
(3.11)
∫
ρ−2α−2+ε|Xu|2 ≤
{
(2α+ 2− ε)(16β + 2ε) + 4β
4β2
}
Rε
ε
∫
BR
ρ−2α(Bγu)2ψ−1.
The desired conclusion (1.8) now follows from (3.9) and (3.11).
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4. Quantitative uniqueness
In this section we prove Theorem 1.2. Before we proceed with the proof, we establish a
Caccioppoli type inequality which constitutes one of its essential ingredients.
Lemma 4.1. Let u be a solution to (1.2), with V satisfying (1.10). For any R > 0 and
0 < a < 1, there exists a universal C = C(a) > 0, such that
(4.1)
∫
B(1−a)R
|Xu|2 ≤
C
a2R2
∫
BR
(1 +K)u2ψ.
Proof. Let f : R → R be a smooth cut-off such that f(σ) ≡ 1 for |σ| ≤ (1 − a)R, f(σ) ≡ 0 for
|σ| ≥ R, |f ′(σ)| ≤ CaR , and consider the test function φ = f(ρ)
2u in the weak formulation of
(1.2). Using the hypothesis (1.10), we obtain from standard computations∫
|Xu|2f(ρ)2 ≤ 2
∫
|u||Xu||f(ρ)|f ′(ρ)|Xρ| +Kf(ρ)2u2ψ(4.2)
Keeping (2.9) in mind, the Cauchy-Schwarz inequality gives
(4.3) 2
∫
|u||Xu||f(ρ)|f ′(ρ)|Xρ| ≤
1
2
∫
|Xu|2f(ρ)2 + C
∫
f ′(ρ)2u2ψ.
Subtracting the first integral in the right-hand side of (4.3) from the left-hand side in (4.2),
using the bound on f ′ as the fact that f(ρ) ≡ 1 in B(1−a)R, the desired conclusion follows.

We now establish the estimate (1.9) in Theorem 1.2. Such inequality is needed to prove
the quantitative uniqueness result in Theorem 1.3. We note that (3.9) above only allows the
following bound
O(α2)
∫
ρ−2α−4+εu2ψ ≤
∫
ρ−2α(Bγu)2ψ−1.
This is why, similarly to the Euclidean case, we are forced to work with the modified weights
containing an additional exponential term. This precisely accounts for the O(α3) factor in front
of the integral
∫
ρ−2α−4+εu2e2αρεψ in the estimate (1.9) above.
Proof of Theorem 1.2. The proof is divided into two steps:
Step 1. We first show that
α3
∫
ρ−2α−4+εu2e2αρ
ε
ψ + α2
∫
ρ−2α−4u2e2αρ
ε
ψ ≤ C˜
∫
ρ−2αe2αρ
ε
(Bγu)
2ψ−1.(4.4)
for some C˜ universal depending also on ε, a. Without restriction, we assume that u be smooth,
and let v = ρ−βeαρεu, where as before
(4.5) β =
2α+ 4−Q
2
or equivalently 2β − 2α− 4 = −Q. With such choice we have
u = ρβe−αρ
ε
v.
This gives
Bγu = vBγ(ρ
βe−αρ
ε
) + 2 < X(ρβe−αρ
ε
),Xv > +ρβe−αρ
ε
Bγv.
By a standard calculation we obtain
Bγ(ρ
β e−αρ
ε
)
=
(
α2ε2ρβ+2ε−2 + β(β +Q− 2)ρβ−2 − αε ((2β + ε+Q− 2)) ρβ+ε−2
)
e−αρ
ε
ψ,
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and similarly we have
2 < X(ρβe−αρ
ε
),Xv >=
(
2βρβ−2 − 2εαρβ+ε−2
)
e−αρ
ε
Zv ψ.
We infer
eαρ
ε
Bγu = 2βρ
β−2Zv ψ + ρβBγv − 2εαρβ+ε−2Zv ψ(4.6)
+
(
α2ε2ρβ+2ε−2 + β(β +Q− 2)ρβ−2 − αε ((2β + ε+Q− 2)) ρβ+ε−2
)
vψ.
Using the trivial inequality (a + b)2 ≥ a2 + 2ab, with a = 2βρβ−2Zv ψ, and b given by the
remaining terms in the right-hand side of (4.6), we obtain∫
ρ−2αe2αρ
ε
(Bγu)
2ψ−1 ≥ 4β2
∫
ρ2β−2α−4(Zv)2ψ + 4β
∫
ρ2β−2α−2ZvBγv(4.7)
− 8αβε
∫
ρ2β−2α−4+ε(Zv)2ψ + 2β2(β +Q− 2)
∫
ρ2β−2α−4Z(v2)ψ
− 2αβε(2β + ε+Q− 2)
∫
ρ2β−2α−4+εZ(v2)ψ + 2α2βε2
∫
ρ2β−2α−4+2εZ(v2)ψ.
Now, from (3.3) above we find∫
ρ2β−2α−4Z(v2)ψ =
∫
ρ−QZ(v2)ψ = 0,
whereas (3.7) gives
4β
∫
ρ2β−2α−2ZvBγv = 4β
∫
ρ−Q+2ZvBγv ≥ 0.
Furthermore, an integration by parts, combined with (2.8) and (2.10), gives∫
ρ2β−2α−4+εZ(v2)ψ = −ε
∫
ρ−Q+εv2ψ,
∫
ρ2β−2α−4+2εZ(v2)ψ = −2ε
∫
ρ−Q+2εv2ψ.
Inserting all of the above in (4.7), we obtain∫
ρ−2αe2αρ
ε
(Bγu)
2ψ−1 ≥ 4β2
∫
ρ−Q(Zv)2ψ − 8αβε
∫
ρ−Q+ε(Zv)2ψ(4.8)
+ 2αβε2(2β + ε+Q− 2)
∫
ρ−Q+εv2ψ − 4α2βε3
∫
ρ−Q+2εv2ψ.
Now since 2β − 2α − 4 = −Q, therefore there exists universal constants K1 and K2 depending
only on Q such that for α sufficiently large
(4.9) K1β ≤ α ≤ K2β.
This implies, in particular,
8αβε
∫
ρ−Q+ε(Zv)2ψ ≤ 8K2β2εRε
∫
ρ−Q(Zv)2.
Now, if R is chosen small enough, then the latter inequality implies the following estimate
(4.10) β2
∫
ρ−Q(Zv)2ψ ≥ 8αβε
∫
ρ−Q+ε(Zv)2ψ.
Similarly, using (4.9) again, we can ensure that for a possibly smaller R if needed, one has
(4.11) 4α2βε3
∫
ρ−Q+2εv2ψ ≤ αβε2(2β + ε+Q− 2)
∫
ρ−Q+εv2ψ.
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Using (4.10) and (4.11) in (4.8), we thus obtain∫
ρ−2αe2αρ
ε
(Bγu)
2ψ−1 ≥ 3β2
∫
ρ−Q(Zv)2ψ + αβε2(2β + ε+Q− 2)
∫
ρ−Q+εv2ψ.(4.12)
Finally, from the Hardy inequality in Lemma 2.4 we have
(4.13) 3β2
∫
ρ−Q|Zv|2ψ ≥ Cβ2
∫
ρ−Qψv2,
where C > 0 additionally depends on a. The reader should note that this is precisely the place
where we need that u, and consequently v, is supported in BR \ BaR. The proof of the desired
estimate (4.4) is then completed using (4.13) and (4.9) in (4.12).
Step 2. Now we show that there exists C1 > 0 such that, if with K as in (1.10) one has
α ≥ C1(K
2/3 + 1),(4.14)
then the following estimate holds
α3
∫
ρ−2α−4+εu2e2αρ
ε
ψ + α2
∫
ρ−2α−4u2e2αρ
ε
ψ ≤ C
∫
ρ−2αe2αρ
ε
(Bγu+ V u)
2ψ−1.(4.15)
for some universal C > 0 depending also on a, ε. This follows from (4.4) in a straightforward
way by noting that from the growth assumption on V in (1.10), using the simple inequality
(a+ b)2 ≥ 12a
2 − 4b2, we obtain∫
ρ−2αe2αρ
ε
(Bγu+ V u)
2ψ−1 ≥
1
2
∫
ρ−2αe2αρ
ε
(Bγu)
2ψ−1 − 4K2
∫
ρ−2αe2αρ
ε
u2ψ.
If now C1 in (4.14) is chosen large enough in dependence of C˜ in (4.4), then we can ensure that
α3 > 16C˜K2
holds. Consequently, we can infer from (4.4) that the following inequality holds
4K2
∫
ρ−2αe2αρ
ε
u2ψ ≤
1
4
∫
ρ−2αe2αρ
ε
(Bγu)
2ψ−1.
This implies that ∫
ρ−2αe2αρ
ε
(Bγu+ V u)
2ψ−1 ≥
1
4
∫
ρ−2αe2αρ
ε
(Bγu)
2ψ−1,
from which the desired estimate (4.15) follows by applying the estimate (4.4) in Step 1. This
completes the proof of the theorem.

Proof of Theorem 1.3. We adapt an Euclidean argument in [7]. For a given R1 < R2, AR1,R2
will denote the annulus BR1 \BR2 . Let R0 be as in Theorem 1.2 and let 0 < R <
R0
2 . Also let
φ ∈ C∞0 (B2R) such that
(4.16)
{
φ ≡ 0 if ρ < R4 and ρ >
5R
3
φ ≡ 1 in AR
3
, 3R
2
.
As in the proof of the energy estimate in Lemma 4.1, we can take φ to be a radial function of
the form f(ρ), and therefore we can ensure that the following bounds hold,
(4.17) |Xφ| ≤
Cψ1/2
R
, |Bγφ| ≤
Cψ
R2
.
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Using the equation (1.2) satisfied by u, from the estimate (1.9) applied to uφ, we thus obtain
for some universal constant C > 0 depending on m,n and γ,
(4.18) α2
∫
ρ−2α−4e2αρ
ε
u2φ2ψ ≤ C
∫
ρ−2αe2αρ
ε
(u2(Bγφ)
2ψ−1 + |Xu|2|Xφ|2ψ−1).
In what follows we respectively indicate with ||f ||R and ||f ||R1,R2 the L
2 norm of f in BR
and AR1,R2 . From (4.16), (4.17), and the fact that the functions Xφ,Bγφ are supported in
{(z, t) | R4 < ρ(z, t) <
R
3 } ∪ {(z, t) |
3R
2 < ρ(z, t) <
5R
3 }, we obtain from (4.18)
||ρ−α−2eαρ
ε
uψ1/2||R
3
, 3R
2
≤ C
(
||ρ−α−2eαρ
ε
uψ1/2||R
4
,R
3
+ ||ρ−α−2eαρ
ε
uψ1/2|| 3R
2
, 5R
3
)
(4.19)
+CR
(
||ρ−α−2eαρ
ε
|Xu|||R
4
,R
3
+ ||ρ−α−2eαρ
ε
|Xu||| 3R
2
, 5R
3
)
.
Bounding from below the integral in the left-hand side of (4.19) with one on AR
3
,R, we find for
some universal C > 0,
||ρ−α−2eαρ
ε
uψ1/2||R
3
,R ≤ C
(
||ρ−α−2eαρ
ε
uψ1/2||R
4
,R
3
+ ||ρ−α−2eαρ
ε
uψ1/2|| 3R
2
, 5R
3
)
(4.20)
+ CR
(
||ρ−α−2eαρ
ε
|Xu|||R
4
,R
3
+ ||ρ−α−2eαρ
ε
|Xu||| 3R
2
, 5R
3
)
.
We now consider the function h(r) = r−α−2eαrε . One easily checks that, for R0 sufficiently
small, the function r → h(r) is decreasing in (0, R0), and moreover the following inequalities
hold for universal C4 > 0, C5 > 1,
(4.21)
h(r/4)
h(r)
≤ Cα4 ,
h(3r/2)
h(r)
≤ C−α5 .
Therefore, possibly taking a smaller R0 in the statement of Theorem 1.2, using (4.21) for R ≤ R0,
we obtain from (4.20) the following unweighted estimate
||uψ1/2||R/3,R ≤ CC
α
4
(
||uψ1/2||R
4
,R
3
+R|||Xu|||R
4
,R
3
)
(4.22)
+ CC−α5
(
||uψ1/2|| 3R
2
, 5R
3
+R|||Xu||| 3R
2
, 5R
3
)
.
Now, the Caccioppoli estimate in Lemma 4.1 gives
(4.23)
{
R|||Xu|||R
4
,R
3
≤ C(1 +K1/2)||uψ1/2||R
2
,
R|||Xu||| 3R
2
, 5R
3
≤ C(1 +K1/2)||uψ1/2||2R.
Adding ||uψ1/2||R
3
to both sides of (4.22), and using (4.23), we obtain for some different constants
C,C4, C5,
(4.24) ||uψ1/2||R ≤ C(1 +K
1/2)(Cα4 ||uψ
1/2||R
2
+ C−α5 ||uψ
1/2||2R).
At this point, similarly to [7], we choose α sufficiently large such that the following holds
C(1 +K1/2)C−α5 ||uψ
1/2||2R ≤
1
2
||uψ1/2||R.
(The reader should note here that the variable τ in [7] plays the same role as our α). A standard
real analysis argument as on p. 78-79 in [7], now shows the existence of universal K2,M > 0
(depending also on K0 in Theorem 1.3) such that the following inequality holds,
(4.25) ||uψ1/2||1+K2R e
−M(K2/3+1) ≤ ||uψ1/2||R
2
.
Note that the estimate (4.25) is analogous to (4.10) in [11], except that the power K2/3 replaces
K1/2. We can thus repeat the standard iterative argument in [11, Sec. 4] to conclude the validity
of the estimate (1.11) in Theorem 1.3.
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
5. Strong unique continuation for sublinear equations
In this final section we prove Theorem 1.4. Similarly to Theorem 2 in [51], we accomplish
this by means of the following Carleman estimate.
Theorem 5.1. Let 1 < q < 2, and let f satisfy the assumptions (1.14). For every ε > 0,
there exists C = C(m,k, ε, λ, q,K, κ, c0) > 0 such that for α > 0 sufficiently large, and u ∈
S2,20 (BR \ {0}) with supp u ⊂ (BR \ {0}), one has
α2
∫
ρ−2α−4+εu2ψ + ρ−2α−2+ε|u|qψ2 ≤ CRε
∫
ρ−2α(Bγu+ f((z, t), u)ψ)2ψ−1.(5.1)
Proof. The proof is similar to that of Theorem 1.1 except that we additionally exploit the specific
nature of the sublinearity f((z, t), u). As before, we let u = ρβv where α and β related by (4.5).
In terms of v, we have
Bγu+ f((z, t), u)ψ = β(β +Q− 2)ρ
β−2vψ + 2βρβ−2Zvψ + Bγvρβ + f((z, t), ρβv)ψ.(5.2)
The integral ∫
ρ−2α(Bγu+ f((z, t), u)ψ)2ψ−1
is now estimated from below using again the inequality (a+b)2 ≥ a2+2ab, with a = 2βρβ−2Zvψ
and b being the rest of the terms in (5.2). We note that all the other terms are handled precisely
as in the proof of Theorem 1.1, with the exception of
4β
∫
ρ−2α+β−2f((z, t), ρβv)Zvψ2.
This integral occurs for the presence of the sublinear term in (1.13), and our next goal is to
bound it from below. With this in mind, we observe that since F is the antiderivative of f in
the s variable, we have
Z(F ((z, t), ρβv)) = f((z, t), ρβv)ρβZv + βf((z, t), ρβv)ρβv+ < ∇(z,t)F ((z, t), ρ
βv), Z > .
This identity gives
4β
∫
ρ−2α+β−2f((z, t), ρβv)Zvψ2 = 4β
∫
ρ−2α−2Z(F ((z, t), ρβv))ψ2(5.3)
− 4β2
∫
ρ−2α−2f((z, t), ρβv)ρβvψ2 − 4β
∫
ρ−2α−2 < ∇(z,t)F ((z, t), ρβv), Z > ψ2.
From the third condition in (1.14) one has
(5.4) f((z, t), ρβv)ρβv ≤ qF ((z, t), ρβv),
〈
∇(z,t)F,Z
〉
≤ C2F,
where C2 depends on m,k, γ, and on K in (1.14). Using (5.4) in (5.3), we obtain
4β
∫
ρ−2α+β−2f((z, t), ρβv)Zvψ2 ≥ 4β
∫
Z(F ((z, t), ρβv))ρ−2α−2ψ2(5.5)
− 4β2q
∫
ρ−2α−2F ((z, t), ρβv)ψ2 − 4C2β
∫
ρ−2α−2F ((z, t), ρβv)ψ2.
Now, the first term in the right-hand side of (5.5) is handled using integration by parts as follows
4β
∫
Z
(
F ((z, t), ρβv)
)
ρ−2α−2ψ2 = −4β
∫
F ((z, t), ρβv) div(ρ−2α−2Z)ψ2(5.6)
= 8β(β − 1)
∫
ρ−2α−2F ((z, t), ρβv)ψ2
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We note that in the last equality in (5.6) we have used (2.10), which gives Zψ2 ≡ 0, and (iii) in
Proposition 2.2 along with (4.5), to assert that
div(ρ−2α−2Z) = −2(β − 1)ρ−2α−2.
Using (1.15) and (5.6) in (5.5), we conclude
4β
∫
ρ−2α+β−2f((z, t), ρβv)Zvψ2 ≥ 4β2((2 − q)− (C2 + 2)β−1)
∫
ρ−2α−2F ((z, t), ρβv)ψ2.
Keeping in mind that 2 − q > 0, if we choose β > 2(C2+2)2−q , then (2 − q) − (C2 + 2)β
−1 > 2−q2 ,
and using the bound from below for F in (1.15), and that from above in (4.9), we find
4β
∫
ρ−2α+β−2f((z, t), ρβv)Zvψ2 ≥ Cα2
∫
ρ−2α−2|u|qψ2,
for α sufficiently large, depending on q, C2, and for some universal C > 0 depending on q and
c0. This estimate accounts for the second term in the left-hand side of (5.1). Since, as we have
said above, the first term is obtained exactly as in the proof of Theorem 1.1, this completes the
proof of (5.1).

With Theorem 5.1 in hand, we now proceed to proving the main result in this section.
Proof of Theorem 1.4. With u as in the hypothesis of Theorem 1.4, we take uε = φεu, where
φε is a smooth cutoff such that
(5.7)
{
φε(z, t) ≡ 1, when ε < ρ(z, t) ≤
1
2 ,
φε ≡ 0, when ρ(z, t) ≤
ε
2 , or ρ(z, t) > 1.
Using the equation (1.13) satisfied by u we thus find
Bγuε + f((z, t), uε)ψ = 2 < Xu,Xφε > +uBγφε + ψ (f((z, t), uε)− f((z, t), u)φε)− V uε.
Applying the Carleman estimate (5.1) with R = 1, and with uε instead of u, using the bound
on V in (1.10) we obtain,
α2
∫ (
ρ−2α−4+δu2εψ + ρ
−2α−2|uε|qψ2
)
≤ C
∫
ρ−2α
(
|Xu|2|Xφε|
2ψ−1 + u2|Bγφε|2ψ−1 + (f((z, t), uε)− f((z, t), u)φε)2ψ +K2u2εψ
)
.
We now observe that if α is large enough, depending on K, then the integral contianing the last
term in the right-hand side of this inequality can be absorbed in the left-hand side, obtaining
α2
∫ (
ρ−2α−4+δu2εψ + ρ
−2α−2|uε|qψ2
)
(5.8)
≤ C
∫
ρ−2α
(
|Xu|2|Xφε|
2ψ−1 + u2|Bγφε|2ψ−1 + (f((z, t), uε)− f((z, t), u)φε)2ψ
)
.
Next, we observe that the following energy estimate holds for any 0 < r < 1/2, for some universal
C > 0, ∫
Br
|Xu|2 ≤
C
r2
∫
B2r
(u2 + |u|p)ψ
Its proof is completely similar to that of Lemma 4.1, if one uses the bounds in (1.10), (1.14)
and (1.15). From this energy estimate it is immediate to see that |Xu| also vanishes to infinite
order at the origin, i.e., as r → 0+, for any ℓ ∈ N one has
(5.9)
∫
Br
|Xu|2 = O(rℓ).
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Noting that the functions Xφε,Bγφε are supported in {
ε
2 < ρ(z, t) < ε} ∪ {
1
2 < ρ(z, t) < 1},
and for some universal C > 0 satisfy the bounds
(5.10)
{
|Xφε| ≤
Cψ1/2
ε , |Bγφε| ≤
Cψ
ε2
, when ε2 < ρ(z, t) < ε,
|Xφε| ≤ Cψ
1/2, |Bγφε| ≤ Cψ, when
1
2 < ρ(z, t) < 1.
from the vanishing to infinite order of u and Xu, and from (5.10), we can assert that as ε→ 0,∫
Bε\B ε
2
ρ−2α
(
|Xu|2|Xφε|
2ψ−1 + u2|Bγφε|2ψ−1 + u2εψ + (f((z, t), uε)− f((z, t), u)φε)
2ψ
)
→ 0,
and ∫
Bε\B ε
2
ρ−2α−4+δu2εψ + ρ
−2α−2|uε|qψ2 → 0.
Therefore, if we denote by φ0 the pointwise limit of φε, letting ε→ 0 in (5.8), we consequently
obtain for u0 = φ0u the following inequality∫ [
ρ−2α−4+δu20ψ + ρ
−2α−2|u0|qψ2
]
(5.11)
≤ C
∫
ρ−2α(|Xu|2|Xφ0|2ψ−1 + u2|Bγφ0|2ψ−1 + (f((z, t), u0)− f((z, t), u)φ0)2ψ)
Noting that the integrals in the right-hand side of (5.11) are supported in the region {1/2 <
ρ(z, t) < 1}. On the other hand, we have u0 ≡ u when ρ(z, t) <
1
2 . Consequently, we minorise
the integral in the left-hand side of (5.11) if we take B1/4 as set of integration. Using in (5.10)
the derivative bounds corresponding to φ0, we finally conclude with the estimate
42α+2
∫
B1/4
u2ψ ≤ C22α
∫
B1\B1/2
(|Xu|2 + u2ψ + (f((z, t), u0)− f((z, t), u)φ0)
2ψ).
Letting α → ∞ in this inequality, we infer u ≡ 0 in B1/4. Since the operator Bγ is translation
invariant in the variable t, by a standard covering argument we obtain u ≡ 0 for |z| < 14 . Since
in the region |z| > 14 the operator Bγ is uniformly elliptic with Lipschitz coefficients, applying
the results from [51] and [53], we can finally deduce that u ≡ 0 in B1.

In closing, we remark that is easy to see that the Carleman estimate (5.1) also implies the
strong unique continuation property for sublinear equations when the potential V satisfies the
following growth condition
|V (z, t)| ≤
Cψ
ρ2−δ
for some C, δ > 0.
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